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Existence of positive solutions for a class of second-order difference equation
Dirichlet boundary problems with sign—changing weight function

ZHANG Ya-Li

(College of Mathematics and Statistics, Northwest Normal University, Lanzhou 730070, China)

Abstract: In this paper, we study the existence of positive solutions for the nonlinear second-order
difference equation Dirichlet boundary problems A u(z—1) +xa(z) f(u(t)) =0, t €[1, T],,u(0) =u(T
+1) =0,where Au(t—1) =u(z) —u(t—1),T>2 is an integer, is a positive parameter, f [0,00)—>R is
continuous, f(0) >0 and a: rl ,T]ZAR may change sign. The proof of the main results is based on the
Leray-Schauder fixed point theorem.

Keywords: Difference equation; Sign-changing weight function; Leray-Schauder fixed point theorem;

Positive solution

(2010 MSC 26A33)

Nu(t—1) +af(u()) =0, te[1, T],,

1 (D
u(0) =u(T+1)=0
’ ’ A af: [Osw)"
[1711]. . ) R . Ma (2]
Dirichlet
, Zhang [V Ku(t—1D Haa@) fu()) =0, t€[1, T],, )
Dirichlet u(0) =u(T+1)=0
’ A 5f: [0900)_)
: 2019-03-30
(11671322)

(1995—), . . . E-mail : 1364946931 @qq. com



456

[O,OO) ,a;[l,sza[0,00).
[1-2] a(t)y =1 a(t) =0
(2) )
Leray-Schauder .
G(tvS) Azu(lf*l):O, IGEL T]Z?

u(0) =u(T +1) =0

{O,a(t) Vea (1) :max{O,a(t)

ya (1) =max

},tG[l,T]Z.

Green

(HD 2
(H2) £:[0,0]—>R f(0)>0;
(H3) a:[l,T]Z—>R,a 0,
p>1
T

T
DG () = > GG
s=1

t€[0, T+1],.

<S>9

,s)a

1.1 (H1) ~(H3)

AT >0, 0<A<A” (2)

Xi={u|u:[0,T+1],>R.,u(0) =u(T+1) =

0}. lwl = max \u(t)| Ba-

te[0,T+1

nach
2. 1(Leray-Schauder
ID Banach y A.E—F
{1‘|1‘6E,1,‘:€A1‘,O<6<1} , A
T , ={z|x€E, |z |l <
R}, R=sup{ llx |l | =0Ax,0<9<1}.
2.2 h:r1,T7,—>R.
Dirichlet
Nu(t—D =—h(), tell, T],,
u(0) =u(T+1)=0

[12])

(3

T
w() = DGOt € [0,T + 1],
s=1

1 s +T—p,1<s<r<1+T,
G(ty5) =
T+TY (1 +T—5), 0<<r<s<T.

u(t) 3. ,

u(t) = (Zs(1+T—t)h(»)+

1+T

T

DA+ T = Dh())ult —1) =
1 —2 ‘ B ‘

H—T(Z;xz +T —h(s) +

DG =DA+T =9h(s)),

s=1—1

ult +1) = (Z«T—whm +

1+T

T
DG +DA+T = Dh(s),

s=rt1

Nult—1) =ult+1) —2u(t) +ult —1) =

: +T(Z«T —Dh(s) +,Z,;1(t +DA +
t—1

T —9h(s) — D> 2s5(1 + T —h(s) —

T o =2
D120 +T=9h(s) + )52 +T —Dh(s) +
s=1 s=1

D1 =D+ T =9h(s) =

s=t—1

1+T(Z<5<2+T—t> —2s(1+T—0) +

S(T=)h() + ¢ —DA+T=9h(t—1) +

(T —Dh() =2 —DA+T—0Dh(z—1) +
T

DG +DA+T =) =201 +T =) +

s=tt+1

(—DA+T—s))h(s) —2t(1 +
T—h(t) +—1DQ@+T—0h(t—1) +
t—DA+T—h)) =

7((*('[‘*0 — GG+ =

1+T
—h(1).
s u(0) =u(T+1) =0. u(t)
(3).
2.3 0<<s<1. A >0,
0<A<<A
Nult—1) +rat ) f(u()) =0, t€[1, T,
u(0) =u(T+1) =0 (4)
w, (1) A=>0  , llu =0

T
w, (1) =28 £(0) p(0) P = D G at (5.
s=1

uc X, 2.2
T
(Aw) () = AD)G9)a" () fuls) .
s=1

t € [O,TJ}I]Z (5
AX)CXLA , A



3 Dirichlet 457
4 . f , f(0) >0, 7:§£2+1,%<)’<1, te[0,T+1],
e=>0 i
FQuw) =60, 0<u<e 6) g | fQ) | <yp) £(0), 0<u<a (10)
- c se(y,D) AT >0, 0<A<A”
f(u) =max f(u). < -
0<veu 20 p 1 Fl [, I +207CO) [l p || <a (1D
Ne <2 Hl H llmf(u):+oo,f(u) (0,¢) Zl,.(l‘) 4) . Uy su, €
1 Al p w0t U u [—a,a],|u1—uz\</\*8f(0) HPH
) AA6(07€) é\f},
- ‘f(ul)*f(ug)‘ng(O) (12)
FAY 1 o
A, 22 p | 0<A<<A™, 0D
2.1, ueX,0<0<1 u=0Au.

u€(0,e), (5 a

.
A0 a’ () fluls) | <
s=1

lul = max
te [0, T+ 1]Z

AMClull) max | DIGG.sa (9 | <

tefo.TH1],
AFClal> 1 pl
f<(uHuuuH>) “2 Hlp I~ 2 Hlp H ®
D (®) lull %A, A0
A, 0, 2.1 A @ (0
i, | <A, <e. .5 (6

T
W () = 2A2,Gt,)a (), () =
s=1

T
210 D 1Gas)a () =200 p(o).
s=1

1.1

T
a0 = D GUa (s).
s=1

lim f () = f(0), %1]"(0)>0, a>0
0<u<a

| FC) — FCO) | </‘2;1f<o>,

| fG | <"T“f(o> )
(HB),q(t)éip(t). )
O] <%p(t) G| <

‘“Zip(z,)f(ox
/l

No(t—1)=—xa" () (fCu, (1) +o(t)) —
SO +Haa O fGy (0 o), (13D
tell, Tl,.v(0) =v(T+1)=0

(4) (13), (2)
w, (1) +ou, () , u, ().
weX, 2.2

T
(Tw) (1) =2 >,GUs) (a" () (fa, () +
s=1

w(s)) — fu, (5))) —2aa™ () f(u, (s) +

w(sH))), t € [1.T], (14
(X)X, T , T
(13 . 2.1, 0»€X,0<9<
1, v=0Tw.

o) = @D, G) (@ () () +0(s) —
s=1

FCu, () +da ) f(u (s) +o(s)))  (15)

ol #2850 I p |l (16)
ol =A8£CO) I pll.
T, Toll < llu I + vl <a (17

L, () +o() —u, (O | =[v(0) | <5 (0),
Il pll <A*8fCO I pll (18)
a2

\f‘(%(z)+v(t))—f(%(zf))\<8%yf(0> 19

(15 a9

o) | =1 R DG, (a" () (flu () +
s=1

v(s)) — flu, (s))) —
a () flu,(s) +u(s))) | <

T
[ ADGUa" () (s) +o(s) —
s=1

SGu, () |+



T
[ ADGUa () fu () +0(s) | <

s=1

AN Ga (£ 22
s=1

Xp D F0) = Ap(D) F(O) ‘%7 L ap D FO0) =

Ap (D) F(O) 3“
Lol <allpl £FCOOY<a51p 1l £CO.
2.1, T v, (1)
Lo, | <A8FCO) | p 1l s
w, (D) =u, (t) o, () =u, () — v, ()| =
A6 (0) p(D) —A‘%U(O)p(r)z

Aaz;yf<o>p<t>>o.

w, (1) (2)

[1] Zhang G Q, Liu S Y. On a class of semipositone
discrete boundary value problems [J]. J Math Anal
Appl, 2007, 325 175,

[2] MaRY.,XuY]J, Gao C H. A Global description of
the positive solutions of sublinear second-order dis-
crete boundary value problems [J] Adv Differ Equ,
2009, 2009 15.

[3] Erbe L H, Hu S C, Wang H Y. Multiple positive

solutions of some boundary value problems [J]. J

(4]

(6]

7]

(8]

(9]

[10]

(11]

[12]

Math Anal Appl, 1994, 184. 640.

Ma R Y, Raffoul Y N. Positive solutions of three
point nonlinear discrete second order boundary value
problem [J]. J Differ Equ Appl, 2004, 10. 129.
Ma R Y. Ma H L. Global structure of positive solu-
tions for superlinear discrete boundary value prob-
lems [J]. J Differ Equ Appl, 2011, 9: 1219.

Ma R Y, Gao C H, Xu Y J. Bifurcation interval for
positive solutions to discrete second-order boundary
value problems [ J]. J Differ Equ Appl. 2011,
17, 1251.

LuY Q, Gao C H. Existence of positive solutions
of second-order discrete Neumann boundary value
problems with variable coefficients [ J]. ] East Chi-
na Norm Univ, 2011, 5. 66.

Ma R Y, Ma H L. Positive solutions for nonlinear
discrete periodic boundary value problems [ J].

Comput Math Appl, 2010, 59. 136.

Dirichlet
[J]- H b
2017, 54 463.
[J]. : , 2018,
55: 693
LIl : , 2019,
56. 189.

[M].
, 1985.

lx xl
t t
1 Dirichlet [l 1
3 . 2020, 57 455. i
; : Zhang Y L. Existence of positive solutions for a calss of second-order difference equation Dirichlet boundary +
+ problems with sign-changing weight function [J]. J Sichuan Univ: Nat Sci Ed, 2020, 57 455. +

S U



