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Abstract: For a monoid M this paper mtroduces the weak M-
A mendarg rings wh ich are a common generalizaton of the M-
Amendarz rngs and tHhe weak A mendarg ring§ and
investgates their properties Moreovqr this Paper proves fhat a
ring R s weakM-A mendariz if and only if forany n the nhy.n
upper tiangujar matix ring T (R) over R s weak M-
Amendary if T s a sanjcanmutative gdea] of ring R such that
R/1s WeakM,AmendarLz then R isw eakM,Amendari’z where
M & a swcty to@a]ly ordered monoid, if a ring R i
san commutative and M,Amendari’z then R i weak M x N-
Amendariz where N is a stricty o@ally ordered monoy; a
finiely generated Abelian group G is torsion free if and only if
there ex;sts a ring R such hatR isweak G-A mendary

Key words san commutative ring€s M.A mendari ring€s weak
A mendaryg rings weak M-A mendariz rings

ghout this Paper R denotes an associative ring with
|identity nif R) denoes the set of a]] nipotent elanents
Oof R and M denotes a monoid with identity e Rege and
Chhawchhar#!l  mtroduced the notion of an A mendariz ring
They defined a rin€ R t0 he an Amendariz ring if whenever
popnomials { )= a4 & Xf-... 4 X, 8= h+ hx+
..+ h Xe H b satisfy { x) &)= thena bJ:O for each 1
and ] The name A mendariz rin€ was chosen hecause Ar
mendar had noted thata reduced rmg satsfies this condi
tion Sane propertie; exanples and counferexamples of Am.
endariz rings were given i R efs [15]. AmonogdM s called
au P monojd( unjque product monoidy if for any wo non
anpPty finite subsetsA B;M there exjsts an elenent & M
uniquey presented n he fom apwhere ac A and l= B
Lo called a rn€ R M-Amendariz if whenever e fments o
=ag4.+a8 B=bh+4+..4+hhe RM satisfaf
=0 thena h:() pr each i andyj which is a genera]gation
of Amendariz rings e shoved that a finite enerated Abe
lian group (5 is orsjon free if and only if here ex;sts a rhg€ R
such thatR 8G-Amendariz [{e a]o howed hatifR isa re
duced andM-Amendariz rng then R isMx N-A mendariz
whereN s au P monoy [ it and Zhad calkd a rng€ R
weak A mendariz if whenever polynanials {x)— % -+ al X}
wota X g(x= ngrbxﬁF + h Xe Rl ¥ satsfy { x) 8
(%= ten a ]qe nifR) foreach iand j They shoved that
for a sam jcanmuative idea] [ such that R/ I isweak Amen
dar'g then R isweak Amendarj’z and R sweak A mendariz
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ifand only if for any n he nx n upper ranguprmatrix ring
over R isweak A mendariz

In this Paper a ring R is said 10 be weak M-A mendariz if
whenever elmentsq — 4 & ... 4, & B= bh 4 .. +
h he RM] satis{yagzo then aihe nifR) Ppreach iand
J Clearly M-A mendariz rings are weak M- Amendari Ex
anples are given © ow hat the converse s notaways true
If M:WU PO -H weak A mendariz rings are weak V-
A mendariz Iﬂ\/[:;ﬁ(@ then every ring isM,Amendariz 0
it 18 weak M- Amendariz Thus weak M_Amendariz rings
need not he weak A mendariz Hence weak M A mendariz
rings are a canmon gener Jizatpn of ML Amendarg rings and
weak Amendarg rings IfS is a sem jgroup withmu[tP Jication

so bralls € S( prexanpg &[8 j ) andM=—§

then any ring js notweakM-A mendarz W e show thatR is
weak M-Amendargz if and only if {for any n the nx n upper
trianguprmatrx ring over R is weak M-A mendariz [t is
shown thata fiite]y generated Abelian group G is OISO
free if and on]y if there exists a ring R with| R==7 such
thatR s weak G-A mendariz This resujt weakens the sec
ond conditon of theorm | 14 m Ref [6]. An ordered
monoid(M<C ) 1s called a striety orderedmonoy if {or any
g8 ke M & & mPplies 8h € h and h& hg Fora
strictly tota]ly ordered mono idM it 8 proved that if an idea]
] is seam jcommutative such that Ry [ isweakM-A rnendari’z

then R 1s weak M-A mendariz Moreove;r for a monoid M
and a strict]ly o]y ordered monoid N if R is a san jcom.
mutagve and M_A m endariz rirg then R isweak Mx N-A

m endariz
1 WeakM-Amendariz R ings

LetT (R) be the nx n upper triangujprm atrix over a ring
R InRe.f[7]’ LLu and Zhao shoved that a rin€ R sweak
A mendariz if and only if’I; (R sweak Amendarg for any
n [{M=NU p0E +J then R s weak MLA mendary if
and onl if R is weak A mendary M oreover note that
every M_A mendariz ring jsweak M A mendarz In the fol
10W'ng wew ]| gvemore exanples of weak V- A mendarg
rngswhich are notM-A m endariz

Propositiony [.etR be a ring andM amonoy| Then R
isweak M-Amendariz if and onl f for any n T (R) is
weakM-A mendariz

Proof We note thatany suhring of weak M- A mendarg
rings isweakM-A mendariz Thus if T (R) s aweak M-A L
m endariz ring hen R s aweakM-A mendariz rng

Conversely letq— A §?’+,% g2+ —+AE8 andB: ]ﬁ h
+1B h+.. +B, h be elments of T (R Mj, Assume that
OLBZO. It 1S easy to see that there exists an {SOmOmPh$n Of

rings T (R M— T,(R M ) defined by
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SnceR isweakM,Amendarj’z there exists m.c N such
that(a K y" =0 forany s iand j Letm —magm, m
vy m;ﬁﬁ then

I zlfl ]#1 * ] * * "
: 0 az‘2 Ijz * | %
(AB =| 0 a b . * =
L0 0 0o - 4,
o * * 3
0 0
0 0
L0 0 0

ThuS((AiBj Yo )'=0, Ths shows thatT (R) is aweak
M-A mendariz ring

Corollaryy LetM be amonoj] If aring€R s anM At
m endariz ring hel} for any nTRIISa weak M-A men.
dariz ring

Givena ring R and a binodule M, the tivia] extension
Oof R by M is the rin€ T(R M)=RPDM w it he uia] addi
tion and the multP]ication: (, Mm)(LmH)y=(rg 1lrn%+
mr ), This is samomhic t©© he rng of a]] matrices

[ Or (}P’ where £ R andme M and he usualm atrix oper

atjons are usegq

Propositiony [etM be amonojd ThenR isa weakM-
A mendariz ring if and only if the trivia] extensjon T(R R
s aweakM- A mendariz ring

Proof It{ollows from Proposijtion 1,

In genera’l for any rng R he mx n( > 9) fu]] m atrix
ringM, (R) overR need nothe a weak M-A m endariz ring
as shown by the following exanple

Exanplep LetR be a ring and M a monoid with

| M[=2 LetS=M (R, Tdke e & M Leta:[g 3 e

T3 gemafy jul, o snan

1 1 1 ;
Then we have 4R = Bu —] 8 not
p=a By [y 470 ¢
nijjpotent Thus S is notweak M-A m endariz

Proposition3 [.etM be a cance]latve monod and N be
an idealofM If a rmg R isweak NAmendari’z hen R 18
weakM-A mendariz

Proof Jetg= a8+ ..4+a & B=bh+..+hh in
RM] Wihe=0 Set& N theng8g 82 .. 8% hg
h§., he Nandger 8¢ and h & h& Wwhen §2 j

Now from| >3 agg | > hh% = 0 and the hyPothesis

thatR ’ﬁweafk1 N,Arnendzlri’z itfollows hat aibje nil(R)
forall i and j ThusR & weakM-A m endariz

Proposition 4 Fora rin€ R and a monoidM Luppose
thatR/ I isweak M-A mendariz for some dea] JofR If &
nikR) thenR s weak M_A m endariz

Proof Jetq—=a8&fag+4 ..+ 48 B=bh+hh
+ . + bh &€ R Mj suth tatof = o Then

(i ‘“% [Eﬁﬂ%% — 0. Thus (8 b)' = forsame

=1
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positive nteger n, Hence a, he nil(R), Thismeans thatR

sweakM_-A mendariz
Proposition 5
sun ofweak M_A m endariz ring§ hen R isweak M- Amen.
dargz
Proof Let] (k=1 2

R/L s weak M-A m endariz amd@1 1 = (). SuppPose haty
=1

~ ) 48 mdp =) hhe M) o such botap—q

=0

The;0 there exists nilkg N such that (a JD] Yr=0 IRy L
ThU’S (a‘ bj)”ke L Set 1’1 ma}g/\ 1] 1'1‘2_’ "ty nua'ﬂ Ihelvl
(ah)'e T for any k Which mplies hat(ah) =q
Thu,s R isweakM-A m endariz

Reca]l hatR is smicommutative if ab—p mplies aRb—

0 forg = R An ideal T of R is san canmutative if it is
sen jcomm u@ve as a ring wihout identity R ef [7]s LLiu
and Zhao proved that if T is a san jconmuwatve idea] of R

such hatR/ 1 s weak Amendari’z then R is weak Amen

darz The follow ng result 8 a generaljzation of his
Theorem ¢

m onoid M

M-A m endariz
Proof Letq, NS Hl\/q be such hataB =0, Wewritey

=48+ 38+ +46B=hg+hE+.. 4 h§ Wih

%< g2< ..<_ & and h< 19< ..<_ h, Wewilluse transfi
nite jnducton on the stricty tow ]y ordered eyM <) ®©
show that a he ni(R) forany iand j Note hat (&84

A8+ - +a8)(hg+hg+ .. Fhg)=0 i
(R/I)[l\/[]. Smnce R/ T is WeakM,A]mendari’z there exjsts a

positive nteger nij quch ﬂqat( al bJ ye 1 Cleary %.’hl< g;hJ

if 941 org}g 1 Hence alt‘q:()e nifR), Now suppose that

we M s such that for any g and b with § b W ahbe
nifR), Wewill show hat aihg ni(R) for any gi and h]
with € h=w SetX=}§ h)| &h=wg ThenX B a fi
nje setWewrite X asfy(8& h)| =1 2 -
8 8< .. g SinceM is cance]latve € — g and & h
=8 h:W mply h: 1} Since<C  1s a strict ordgr g8 g
and g‘ h;': % }];:W mpy 1)< h Thuswe have h<<
he< . Now

2 aihzz ajbj:O

Forany t-9 & h< & h=w and thus by induction hy-
Pothesis we have a bjg nifR) Letb= n. Then ( a ]3 X
€ 1 BY hypothesis a he ni(R) Let(a b )" =q Then
(b a)"'=q Thus

(4 h)(a )" ach a) ™ (h(a h)"H=0

Shee (a by (a b)) a (b aye I b ay (b
(alih)"'l)e I ba(aibj )"aig J and T is san jcommutative
it follow's that

(3 hHa by ta b aychab) ay
((ha)" (b ab)H"HH=0
That

ForamonoidM ifR isa fpite subdirect

vy D) be ideals of R such that

For a ring R and a strict]y toa]ly ordered
suppose that R/ 1 is weak M-A mendariz {or
same jdea] JofR If I i san jcommutative then R is weak

Ko such that € ni(R) .

GRS

(& hHa )™ Hca hycab)*y
a‘(ksal)v(l%(%h)pl)zo

(3 hy(a )y achay)y (hcah)i=o

Continung tHis procedulp it Yelds hat (¢ al I% )-
(a b)) =q Thus(a h)(a h)"'e nil(Dh Smi
1ar1y we can Show hat(ai h )(a,a bd )PHE nif ) for =3

\ k BY lemmas | inRef [7), nif I is an idea] of I sice
Ikis sem jcommutative Thus if we multPly he eduaton

Z alh = ( on the right side bY(EL‘ bd Y, hen

=1

k
<%bd>‘“[2 %h(%hf”] € nikd

Thus a h€ ni(R), Letd=n, hen(ah)"e I BY

anapgy wih he apove proof we haveE ah, (8 b =

nif h, Suppose hat(a b )=, Then

(a ™ abHabHt =9
S'nce(azi h_)%IE Tand T is sen commumative we have

((ab)H(ah)H)y"H =g
Thus (a by (a bh)*'e nil( I) Hence multiplying the
k
eQuationZ aly = on te right side by (a b, L we

have
(4 h)" =
k
[Z ab (3 lg)“*‘] — (4 b)(ab)" e nikD

=3

Hencg a he nil(R), Srnllarly we can §ow that a k}
a b€ ni(R, This 4 hE nil(R) for any t
with g hj_ W There{ore by uanﬁflnne induc ton ahg
nifR) for any iandj Thu’s R isweakM-A mendarg

Corollaryy [.etM he a strictly oa]ly ordered monoid
and R a sem jcanmu@tve rng Then R is weak M.A men
dariz

BY com]lay3 4 in Ref [7], S jcomm utatve ripgs are
weak Amendariz In the foﬂow'ng we wil] see that sam i
commutative rings need not pe weak M-A mendarz Thu§
the condition thatM s a strictly to@]ly ordered monoid m
theoran | i not superfluous

Propositiong  IfM s a finitemonoid then the canplex
field C s notweakM-A m endariz

Proof Suppose that C is weak M-Amendari [ etVM=
oy B Letg=4a ef-a g4 .. 48 andgzl% el
h %’Jr + h &€ C[ M] such ﬂqataB =0 Then aihg
ni} ), Note thatC i reduced so ab—=q Thus C iSM-AT

mendarj’z which contradcts Propositony 15 ianf[6].

Corollarygz [.etR be a san jcommutatve rng Then R
isweak Z_A m endariz

Recal] that amonoidM is torson free if for any g e M
and k1, €= I mplesg=1

Corollary4 LetM be a commutativ’e cance |lah le and
orspn free monoj] If one of the {olpbwing conditons
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holds hen R is aweakM-A mendargz rng

1R 8 semjcommutative,

2)R/ 1 isweak M- Amendarg for same idea] [ of R and 1
is sem jcomm ufative

Proof IfM & canmutative cance]ptve and Orson
free then there exists a compatble strct Ota] order on
M8 Now the results fo]lov from theoram |

Lenmaq L.etM be amonoyd and N he a supmonoid of
M IR isaweakM-A mendariz r'ng then R s weak N-At
m endariz

[Lanmajy [.etM be a cycljc 8roup of Orderl;z and R
be a ringwiﬂqo;é 1. ThenR is notweakM-A m endariz

pProof Suppose thatM=y}ye & § .., & Letg=1¢€
+18F184 . +18" adB=1et(—1)§ thenaeB=Q
butje =1 1S not a nijlpotent elan ent Thu’s R © notweak
M-A m endariz

LetT(G) be the set of elanents of he finjte order n an
Abelian 8roup G Then Ty G) is a fully invarijant supg€roup of
G G swomon free if and onl if T(G)=pgH Liv® showed
that for a fiite]y generated Abelan goup G it i prsion
free if and only if there exjsts a r'ngRWith| R|>2 such
thatR isG-Amendargz The follow n€ heorem w i]] weaken
the sufficient condition of his

Theoran 2 Let G be a fmjte]ly generated Abelian
group Then he fo]low ing conditpons on (G are equjvalent

1) G is torsion. free

2)There exiss arpf@ Rwih| R>2 such thatR s weak
G-Amendariz

Proof 1)=2) IfG isa finiel generated Abelian group
Wih T(G=fxgd then G=7ZX ZX ... X 7, a [inie direct
productof group 7, Jtis easy t0 see hatZx Zx ...X Z 18 a
ccmmutativp cancellative and torspr freemonoid 0 8 G
LetR be a senjcommutative ring Then by coo]hyy R is
weak G-A mendari

2=>1) M8 T(G) and 82 ¢ hen N= (8 isa cyelic
goup of the fhnite order If a ring RAYH s Weak G-Am
endarjg thep by ltmmaL R isweak N_Almendarjg contra
dicthg Jemmay Thu’s every ring }g&,’ﬁ(jﬁ 1s notweak (-
A mendariz

LetM be amonoid and N be an idea] of M Denote the
Rees congmence pnduced bY N bYp(N) Which is defined by
S&N) =8 he N or8=h IfR is weak M- A mendarjz
then by lenmaj R © weak N-Amendarg sinceR[ N] S a
Suhring ofR[M]_ ButR may nothe weakM o (N)-Amen
dariz as shown by he follow ing example

Examplege  LetM=fNU $0fl -H4H and N=§g 3
monojd From propositiong it follows hatC is not weak
M/p(N)-Am endari’z but it isweak M-A m endarjz pecause
C BMAmendari

2 Monojd R ngs

[Lenma 3
monojq [f 911’
nikR M),

Proof The proof is sinilar 10 thatof [anmasg 7 inRef
[7].
For amonoidM we denote the lai€est suhgroup ofM by
GM), InRef[7], Liu and Zhao proved that if R i san i
commutativp then sweak Amendariz In Ref 6],
Liu proved that if M © a commutative and canceglative

l.et R be a sam jconm utatyve ring€ and M a

., &€ Nil(Ry then a g4 ..+ age

monoid with GOM)=§gel and R is A m endariz and M- Amn
endarg then R[ M] 8 Amendariz For fe ahove monoid
M we do not know wheIherH 1\/[] sweak Amendariz if R
isweak A mendariz and weak M_-A mendariz However iR
is sean communatve we have the follow hg Propositon
Propositiony [.etM be a conmutative and cance]lative
m onoid WiﬂqG(M):Q’ﬂ@E IR 1s a sam jcommufative and
weak M-A mendariz r'ng then 1\/@ isweak A m endariz

ai. [EB‘% =0, where
hqhﬂe HNII Set 8 =

m

Proof Suppose that[ 2
=0
a; = Z aipgi» Bj -

HH gJ [HH 8, Clarly forany £ R and t¢
M (thy (18 ) = (18 ) ( th) Thws fon
Zai v B . = 0, it follows that
3 mFO '0n
Zaj(lg>} (ZBj(lg)j . Thus we have
\ =0 =0
[ZZ bphl,g] [ZZ hqhﬂg} —0
Suppose hat g{p’ gl— gﬁy gt for same { and {/ fi= ]:/

then g — g, sinceM is cancelative and © P'— P Thus
w ithout Joss of enera]ity we can assune that i { Then
g,8=h— g sinceM is cancellative Thus it i easy 10
see hatg‘p andhjl are in G(M) foraﬂ’i ,j P 94 Hence &=
hn: e by hypothes'}s and thenwemay assune hatai: ae
andBj: he for a]l i J Sowe have

[Z <a,e>% [Z <he>>%

from which it folbws that Z ax

Thus a he nil(R) for all i and j since
dariz Assume that( ai‘bj Y' = for some n e N Then
(@Bfp’=(ah) e=q SoaBEe nl(REM ) Ifh, 8=
by g/ for some | and | then by anapgy with the ahove
proof it follows thatg Bi=(a e)(bj ec nikR[M] ) fora]]
i J Now suppose hat each Pair of g€ g’ s s disthct and
cach pairofh, 8’ s s distinct Then a, h e nif(R) forall,i
’j p d smee R weak M.A mendari Thu’s O‘iBj —

D33V (a, b (g hpHe nikRM ) bV lemag

W e can easily ohtain the follow ng fact

Lenmayg [etM be amonoj] IfR is a sanjcommuta
tive and M. A mendarg r'ng then R[ 1\/@ $ sanjcommuta
tve

LetM=fgr and N=i\J $0fid +Ji1 LetR be a san jeam.
mu@tve rig Then R isM-A mendarg ButH M] need not
be N-Amendariz by exanpk3 5 inRef [1]. However we
have the follow ng resujt

Propositiong etM be amonoid and N a strict]y ol
[y orderedmonoy] IfR is a sanjcommutative and M-Amm-
endarg ring thenR[M] is aweak N.A mendariz rng

Proof SmceR is sam commuttive and M_Arnendarj’z
by lemm ay H M{ is sem commutative The assertpn holds
according to cor]jary o

Corolprys [etN be a stetly tota]ly ordered monojd

=0

Zh% = 0.

]
1S weak A men.
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IfR 1S a san jcomm utative and A m endariz rng hen R[ 3
1s aweak N-A mendariz ring
Propositiong [.etM be amonoid and N a strict]y towal
[y orderedmonoy] IfR is a sen commutative and M- A m-
endar ring 1henR[ ]\] 1s aweakM A mendariz rng
Proof TJtiseasy t0 se that there exists an ;San 01Ph jsn

of rings Ry N [ M] - R M ] [ N] defined by
ZLZ ] me2 (3w
ow suppose hat ay B € [N] are uch that

[Ea][iﬁj]=u\wwmwmm%&e
ni(RN) Pralli j Assme hate, =3 a,1 andg; —
Z h, o, where n n € N for all p and 9 Then

E S A0 ™ EZ | m'| = Thus in
&JNwlw£§y@5H22mﬂ%

— (. DBY Pmoposijtion 8 R[ M] 1S weak NAmendari’z

[2 a,m Z hm| € nifR M ) forallp 9 ShceR
1SM_A m'en, arijz a hqe nif Ry for aﬂ,i ’j pa according
to pProposition] g inRe.f[6]' Henceaﬁjg nikR{ N] ) by
lanma3  Thismeans that s weak M A m endariz

Corollaryg LetM be amonod and R be a sean jcamn-
muatve rpg [f R isM-Amendargz hen R ¥ and R x
X1 are weagkM A mendariz

Proof Noe hatR =R N{jofi and R x x'|=

7).
a IIl Refye), Lu showed hatifR is reduced and M-Am-
endarig then R isMXx N-Am endari’z whereN $ au p -
monoj ForweakM-A mendari r'ng’s we have the {o]low_
ing resut

Theoran3 [etM be amonoid and N be a strictly toal
[y orderedmonoy] IfR is a sen commutative and M-A m-
endarg ring thenR isweak M N-A m endariz

Proof Suppose hatE a(m, n) is in REMx N). For

< B 8 demote A =] 1< & § 1= 8 Then

1]16 A} Wl‘h:}t 1 Now it {s easy t0 see that there exists
an {momhim of rings QMX N— RM] [N defined by
25 am n)%E[ oy

Suppose Ha Z a(m n) Z h(mj: njq =0 in

F=1

RMx N, Then fam the above samomhisy it ©olbws
that

RIERISRIEE

BY proposition R[ M] 1s weak N_A m endari’z thus we

have[z am] E bm] € nikRM) fPralp g
SnceR isM- AmendanZ abg nikR) foray & A and j
€ }j by Proposition | 6 in Ref[é] Hence ahe nif R)
for all il < s and (<< 4C s The Proof is canpleted

R eferences

[1] RegeM B Chhaw chharia S Amendariz ringS[ l Proc Ja_
ban Acad SerAMat S¢i 1997 73(1): 14-17.

[2] Amendariz E P A note on extensjon ofBear and PP rings

J. JAustralMath So¢ 1974 18(2):470-473

[ 3] Anderson D ) Camilo V. Amendariz rings and Gaussian
rings| j, Canm Algebra 1998 26(7): 22652272

[4] Huh Q LeeY SmokunowiczA A madariz rngs ad sam i
canmu@tive rigs ., Comm Algebra 2002 30 (2): 751-
761

[5] Kin N K LeeY Amendariz rings and reduced rings[ Jj. ]
ABebr 2000 223(2):477-488

[ 6] LiuZ K Amendariz ring€s wrlative to amonoﬂ[ J. Canm
ABeb1@ 2005 33(3): 649661

[7] Lt ZK Zhao R Y On weak Amendariz rpg€s[ . Canm
ABebm@ 2006 34(7):2607-2616

[ 8] Ribenboim P Noetherian rin€s of generalized Pow er series
[ ]. JPure APPIABeb1® 1992 79(3):293-312

M_A mendargz

kBRI

(AARFHRFR BT
A 2 9 730070)

G LI K

3=

T 210096)

T4 E# M AINT 35 MAmendarig oy peds, st A £ M-A mendarizrfo 53 A mendarizg gy 4R 4
JOBRRT XK RIR, A BIERT . RE 55 M-Amendarigry Bk wfiEEey 0 Ry W E=4 43R TR
A55 MAAmendarizr; 4o LR35 Rey #2243 R/ 1253 MAmandarizg m) R 35 M-Amendarzsg st

b MGZ Ak i X2, 4R REF ) M-Amendarizg n

Rz 35 Mx NAmendarizgg 3t & N2 Eis o s

s 7N

2% F#; AR s Abclingg GR oorspnfreggl Hixy A — A% RigF Re55 G-Amendarigg,
R #e3p; M-Amendarigg, 55 Amendargzg, 55 M-Amendarigg

. 0153.3



