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WeakM-Armendarizrings
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Abstract:ForamonoidM, thispaperintroducestheweakM-
ArmendarizringswhichareacommongeneralizationoftheM-
Armendariz rings and the weak Armendariz rings, and
investigatestheirproperties.Moreover, thispaperprovesthat:a
ringRisweakM-Armendarizifandonlyifforanyn, then-by-n
uppertriangularmatrixringTn(R)overR isweakM-
Armendariz;ifIisasemicommutativeidealofringRsuchthat
R/IisweakM-Armendariz, thenRisweakM-Armendariz, where
M isastrictlytotallyorderedmonoid;ifaringR is
semicommutativeandM-Armendariz, thenRisweakM×N-
Armendariz, whereNisastrictlytotallyorderedmonoid;a
finitelygeneratedAbeliangroupGistorsion-freeifandonlyif
thereexistsaringRsuchthatRisweakG-Armendariz.
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T
hroughoutthispaperRdenotesanassociativeringwith
identity, nil(R)denotesthesetofallnilpotentelements

ofRandM denotesamonoidwithidentitye.Regeand
Chhawchharia[ 1] introducedthenotionofanArmendarizring.
TheydefinedaringRtobeanArmendarizringifwhenever
polynomialsf(x)=a0 +a1x+ +amx

m , g(x)=b0 +b1x+
 +bnx

n∈ R[x] satisfyf(x)g(x)=0, thenaibj=0foreachi
andj.ThenameArmendarizringwaschosenbecauseAr-
mendariz[ 2] hadnotedthatareducedringsatisfiesthiscondi-
tion.Someproperties, examplesandcounterexamplesofArm-
endarizringsweregiveninRefs.[ 1-5] .AmonoidMiscalled
au.p.-monoid(uniqueproductmonoid)ifforanytwonon-
emptyfinitesubsetsA, B M, thereexistsanelementg∈ M
uniquelypresentedintheformabwherea∈ Aandb∈ B.
Liu[6] calledaringRM-Armendarizifwheneverelementsα
=a1g1 + +amgm , β =b1h1 + +bnhn∈ R[M] satisfyαβ
=0, thenaibj=0 foreachiandj, whichisageneralization
ofArmendarizrings.HeshowedthatafinitegeneratedAbe-
liangroupGistorsion-freeifandonlyifthereexistsaringR
suchthatRisG-Armendariz.HealsoshowedthatifRisare-
ducedandM-Armendarizring, thenRisM×N-Armendariz,
whereNisau.p.-monoid.LiuandZhao[ 7] calledaringR
weakArmendarizifwheneverpolynomialsf(x)=a0 +a1x+
 +amx

m , g(x)=b0 +b1x+ +bnx
n∈ R[x] satisfyf(x)g

(x)=0, thenaibj∈ nil(R)foreachiandj.Theyshowedthat
forasemicommutativeidealIsuchthatR/IisweakArmen-
dariz, thenRisweakArmendariz, andRisweakArmendariz

ifandonlyifforanyn, then×nuppertriangularmatrixring
overRisweakArmendariz.
　Inthispaper, aringRissaidtobeweakM-Armendarizif
wheneverelementsα=a1g1 + +amgm , β =b1h1 + +
bnhn∈ R[M] satisfyαβ =0, thenaibj∈ nil(R)foreachiand
j.Clearly, M-ArmendarizringsareweakM-Armendariz.Ex-
amplesaregiventoshowthattheconverseisnotalwaystrue.
IfM=狖N∪狖0狚, +狚, weakArmendarizringsareweakM-
Armendariz.IfM=狖e狚, theneveryringisM-Armendariz, so
itisweakM-Armendariz.ThusweakM-Armendarizrings
neednotbeweakArmendariz.HenceweakM-Armendariz
ringsareacommongeneralizationofM-Armendarizringsand
weakArmendarizrings.IfSisasemigroupwithmultiplication

st=0 foralls, t∈ S(forexample, S=
0 Z
0 0

), andM=S1 ,

thenanyringisnotweakM-Armendariz.WeshowthatRis
weakM-Armendarizifandonlyifforanyn, then×nupper
triangularmatrixringoverRisweakM-Armendariz.Itis
shownthatafinitelygeneratedAbeliangroupGistorsion-
freeifandonlyifthereexistsaringRwith R≥2 such
thatRisweakG-Armendariz.Thisresultweakensthesec-
ondconditionoftheorem 1.14 inRef.[ 6 ] .Anordered
monoid(M, ≤)iscalledastrictlyorderedmonoidifforany
g, g′, h∈ M, g<g′impliesgh<g′handhg<hg′.Fora
strictlytotallyorderedmonoidM, itisprovedthatifanideal
IissemicommutativesuchthatR/IisweakM-Armendariz,
thenRisweakM-Armendariz.Moreover, foramonoidM
andastrictlytotallyorderedmonoidN, ifRisasemicom-
mutativeandM-Armendarizring, thenRisweakM×N-Ar-
mendariz.

1　WeakM-ArmendarizRings

　LetTn(R)bethen×nuppertriangularmatrixoveraring
R.InRef.[ 7] , LiuandZhaoshowedthataringRisweak
ArmendarizifandonlyifTn(R)isweakArmendarizforany
n.IfM=狖N∪狖0狚, +狚, thenRisweakM-Armendarizif
andonlyifRisweakArmendariz.Moreover, notethat
everyM-ArmendarizringisweakM-Armendariz.Inthefol-
lowing, wewillgivemoreexamplesofweakM-Armendariz
ringswhicharenotM-Armendariz.
　Proposition1　LetRbearingandMamonoid.ThenR
isweakM-Armendarizifandonlyif, foranyn, Tn(R)is
weakM-Armendariz.
　Proof　WenotethatanysubringofweakM-Armendariz
ringsisweakM-Armendariz.ThusifTn(R)isaweakM-Ar-
mendarizring, thenRisaweakM-Armendarizring.
　Conversely, letα=A1g1 +A2g2 + +Apgp, andβ=B1h1
+B2h2 + +BqhqbeelementsofTn(R)[M].Assumethat
αβ=0.Itiseasytoseethatthereexistsanisomorphismof
ringsTn(R)[M]※Tn(R[M])definedby



∑
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　Itfollowsthat

∑
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　SinceRisweakM-Armendariz, thereexistsmijs∈ Nsuch
that(aissb

j
ss)
mijs =0 foranys, iandj.Letmij=max狖mij1 , mij2 ,

 , mijn狚, then
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　Thus((AiBj)
mij)n=0.ThisshowsthatTn(R)isaweak

M-Armendarizring.
　Corollary1　LetMbeamonoid.IfaringRisanM-Ar-
mendarizring, then, foranyn, Tn(R)isaweakM-Armen-
darizring.
　GivenaringRandabimoduleRMR , thetrivialextension
ofRbyMistheringT(R, M)=R⊕Mwiththeusualaddi-
tionandthemultiplication:(r1 , m1)(r2 , m2)=(r1r2 , r1m2 +
m1r2 ).Thisisisomorphictotheringofallmatrices
r m
0 r, wherer∈ Randm∈ Mandtheusualmatrixoper-

ationsareused.
　Proposition2　LetMbeamonoid.ThenRisaweakM-
ArmendarizringifandonlyifthetrivialextensionT(R, R)
isaweakM-Armendarizring.
　Proof　Itfollowsfromproposition1.
　Ingeneral, foranyringR, then×n(n≥2)fullmatrix
ringMn(R)overRneednotbeaweakM-Armendarizring
asshownbythefollowingexample.
　Example1　LetRbearingandM amonoidwith

M ≥2.LetS=M2(R).Takee≠g∈ M.Letα=
0 1

0 0
e

+ 1 0
0 0

gandβ = 1 1
0 0

e+ 0 0
-1 -1

ginS[ M].

Thenwehaveαβ =0.But
1 0

0 0

1 1

0 0
=

1 1

0 0
isnot

nilpotent.ThusSisnotweakM-Armendariz.
　Proposition3　LetMbeacancellativemonoidandNbe
anidealofM.IfaringRisweakN-Armendariz, thenRis
weakM-Armendariz.
　Proof　Letα=a1g1 + +amgm , β =b1h1 + +bnhnin
R[M] withαβ =0.Setg∈ N, thengg1 , gg2 ,  , ggm , h1g,
h2g,  , hng∈ Nandggi≠ggjandhig≠hjgwheni≠j.

Nowfrom ∑
m

i=1
aiggi ∑

n

j=1
bjhjg =0andthehypothesis

thatRisweakN-Armendariz, itfollowsthataibj∈ nil(R)
foralliandj.ThusRisweakM-Armendariz.
　Proposition4 　ForaringRandamonoidM, suppose
thatR/IisweakM-ArmendarizforsomeidealIofR.IfI 
nil(R), thenRisweakM-Armendariz.
　Proof　Letα=a1g1 +a2g2 + +amgm , β =b1h1 +b2h2
+ +bnhn ∈ R[ M] such thatαβ = 0.Then

∑
m

i=1

 aigi ∑
n

j=0

 bjhj =0.Thus, ( ai bj)
nij =0 forsome
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positiveintegernij.Hence, aibj∈ nil(R).ThismeansthatR
isweakM-Armendariz.
　Proposition5　ForamonoidM, ifRisafinitesubdirect
sumofweakM-Armendarizrings, thenRisweakM-Armen-
dariz.
　Proof　LetIk(k=1, 2,  , l)beidealsofRsuchthat

R/IkisweakM-Armendarizand∩
l

k=1
Ik =0.Supposethatα

=∑
m

i=0

aigiandβ =∑
n

j=0

bjhj∈ R[M] aresuchthatαβ=0.

Thenthereexistsnijk∈ Nsuchthat( ai bj)
nijk =0 inR/Ik.

Thus, (aibj)
nijk∈ Ik.Setnij=max狖nij1 , nij2 ,  , nijl狚, then,

(aibj)
nij∈ Ikforanyk, whichimpliesthat(aibj)

nij =0.
Thus, RisweakM-Armendariz.
　RecallthatRissemicommutativeifab=0 impliesaRb=
0 fora, b∈ R.AnidealIofRissemicommutativeifitis
semicommutativeasaringwithoutidentity.InRef.[7] , Liu
andZhaoprovedthatifIisasemicommutativeidealofR
suchthatR/IisweakArmendariz, thenRisweakArmen-
dariz.Thefollowingresultisageneralizationofthis.
　Theorem 1　ForaringRandastrictlytotallyordered
monoidM, supposethatR/IisweakM-Armendarizfor
someidealIofR.IfIissemicommutative, thenRisweak
M-Armendariz.
　Proof　Letα, β∈ R[M] besuchthatαβ =0.Wewriteα
=a1g1 +a2g2 + +amgm , β =b1g1 +b2g2 + +bngnwith
g1 <g2 < <gmandh1 <h2 < <hn.Wewillusetransfi-
niteinductiononthestrictlytotallyorderedset(M, ≤)to
showthataibj∈ nil(R)foranyiandj.Notethat( a1g1 +
 a2g2 + + amgm)( b1g1 + b2g2 + + bngn)=0 in
(R/I)[M].SinceR/IisweakM-Armendariz, thereexistsa
positiveintegernijsuchthat(aibj)

nij∈ I.Clearly, g
1
h
1
<gihj

ifi≠1 orj≠1.Hencea1b1 =0∈ nil(R).Nowsupposethat
w∈ Missuchthatforanygiandhjwithgihj<w, aibj∈
nil(R).Wewillshowthataibj∈ nil(R)foranygiandhj
withgihj=w.SetX=狖(gi, hj) gihj=w狚.ThenXisafi-
niteset.WewriteXas狖(git , hjt) t=1, 2,  , k狚suchthat
gi1 <gi2 < <gik.SinceMiscancellative, gi1 =gi2 andgi1hj1
=gi2hj2 =wimplyhj1 =hj2.Since≤ isastrictorder, gi1 <gi2
andgi1hj1 =gi2hj2 =wimplyhj2 <hj1.Thuswehavehjk < <
hj2 <hj1.Now

∑
(gi, hj)∈X

aibj =∑
k

t=1

aitbjt =0

　Foranyt≥2, gi1hjt <githjt =w, andthus, byinductionhy-

pothesis, wehaveai1bjt∈ nil(R).Letp=ni1j1.Then(ai1bj1)
p

∈ I.Byhypothesis, ai1 bj2 ∈ nil(R).Let(ai1 bj2)
p′=0.Then

(bj2ai1)
p′+1 =0.Thus

(ai2bj2)(ai1bj1)
p+1ai2(bj2ai1)

p′+1(bj2(ai1bj1)
p+1)=0

　Since(ai2 bj2 )(ai1 bj1)
p+1ai2 (bj2 ai1 )∈ I, (bj2 ai1)

p′(bj2 

(ai1bj1)
p+1)∈ I, bj1(ai1bj1)

pai2∈ I, andIissemicommutative,
itfollowsthat

((ai2bj2)(ai1bj1)
p+1ai2(bj2ai1))(bj1(ai1bj1)

pai2)·

((bj2ai1)
p′(bj2(ai1bj1)

p+1))=0

Thatis,

((ai2bj2)(ai1bj1)
p+1)((ai2bj2)(ai1bj1)

p+1)·

ai2(bj2ai1)
p′(bj2(ai1bj1)

p+1)=0

((ai2bj2)(ai1bj1)
p+1)2ai2(bj2ai1)

p′(bj2(ai1bj1)
p+1)=0

　Continuingthisprocedure, ityieldsthat((ai2 bj2 ) 

(ai1bj1)
p+1)p′+3 =0.Thus(ai2 bj2)(ai1 bj1)

p+1 ∈ nil(I).Simi-

larly, wecanshowthat(aitbjt)(ai1bj1)
p+1 ∈ nil(I)fort=3,

 , k.Bylemma3.1 inRef.[ 7] , nil(I)isanidealofIsince
Iissemicommutative.Thus, ifwemultiplytheequation

∑
k

t=1

aitbjt =0ontherightsideby(ai1bj1)
p+1 , then

(ai1bj1)
p+2 =- ∑

k

t=2

aitbjt(ai1bj1)
p+1 ∈ nil(I)

　Thusai1 bj1 ∈ nil(R).Letq=ni2j2 , then(ai2bj2)
q∈ I.By

analogywiththeaboveproof, wehave∑
k

t=3

aitbjt(ai2bj2)
q+1 ∈

nil(I).Supposethat(ai1bj1)
s=0.Then

(ai2bj2)
q+1(ai1bj1)

s(ai2bj2)
q+1 =0

　Since(ai2bj2)
q+1∈ IandIissemicommutative, wehave

((ai1bj1)(ai2bj2)
q+1)s+1 =0

　Thus(ai1bj1)(ai2 bj2)
q+1 ∈ nil(I).Hence, multiplyingthe

equation∑
k

t=1

aitbjt =0 ontherightsideby(ai2bj2 )
q+1 , we

have

(ai2bj2)
q+2 =

- ∑
k

t=3

aitbit(ai2bj2)
q+1 -(ai1bj1)(ai2bj2)

q+1 ∈ nil(I)

　Hence, ai2bj2 ∈ nil(R).Similarly, wecanshowthatai3 bj3
∈ nil(R),  , aikbjk∈ nil(R).Thusaitbjt∈ nil(R)foranyt
withgithjt =w.Therefore, bytransfiniteinduction, aibj∈
nil(R)foranyiandj.Thus, RisweakM-Armendariz.
　Corollary2　LetMbeastrictlytotallyorderedmonoid
andRasemicommutativering.ThenRisweakM-Armen-
dariz.
　Bycorollary3.4 inRef.[ 7] , semicommutativeringsare
weakArmendariz.Inthefollowing, wewillseethatsemi-
commutativeringsneednotbeweakM-Armendariz.Thus,
theconditionthatMisastrictlytotallyorderedmonoidin
theorem 1 isnotsuperfluous.
　Proposition6　IfMisafinitemonoid, thenthecomplex
fieldCisnotweakM-Armendariz.
　Proof　SupposethatCisweakM-Armendariz.LetM=
狖e, g1 ,  , gn狚.Letα=a0e+a1g1 + +angnandβ =b0e+
b1g1 + +bngn∈ C[ M] suchthatαβ =0.Thenaibj∈
nil(C).NotethatCisreduced, soaibj=0.Thus, CisM-Ar-
mendariz, whichcontradictsproposition1.15 inRef.[ 6] .
　Corollary3　LetRbeasemicommutativering.ThenR
isweakZ-Armendariz.
　RecallthatamonoidMistorsion-freeifforanyg, h∈ M
andk≥1, gk=hkimpliesg=h.
　Corollary4　LetMbeacommutative, cancellableand
torsion-freemonoid.Ifoneofthefollowingconditions
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holds, thenRisaweakM-Armendarizring.
　1)Rissemicommutative;
　2)R/IisweakM-ArmendarizforsomeidealIofRandI
issemicommutative.
　Proof　IfM iscommutative, cancellativeandtorsion-
free, thenthereexistsacompatiblestricttotalorder≤on
M[ 8] .Nowtheresultsfollowfromtheorem 1.
　Lemma1　 LetMbeamonoidandNbeasubmonoidof
M.IfRisaweakM-Armendarizring, thenRisweakN-Ar-
mendariz.
　Lemma2　LetMbeacyclicgroupofordern≥2 andR
bearingwith0≠1.ThenRisnotweakM-Armendariz.
　Proof　SupposethatM=狖e, g, g2 ,  , gn-1狚.Letα=1e
+1g+1g2 + +1gn-1 andβ =1e+(-1)g, thenαβ=0,
but1·1=1 isnotanilpotentelement.Thus, Risnotweak
M-Armendariz.
　LetT(G)bethesetofelementsofthefiniteorderinan
AbeliangroupG.ThenT(G)isafullyinvariantsubgroupof
G.Gistorsion-freeifandonlyifT(G)=狖e狚.Liu[6] showed
thatforafinitelygeneratedAbeliangroupG, itistorsion-
freeifandonlyifthereexistsaringRwith R≥2 such
thatRisG-Armendariz.Thefollowingtheoremwillweaken
thesufficientconditionofthis.
　Theorem 2　 LetGbeafinitelygeneratedAbelian
group.ThenthefollowingconditionsonGareequivalent:
　1)Gistorsion-free.
　2)ThereexistsaringRwith R≥2 suchthatRisweak
G-Armendariz.
　Proof　1) 2)IfGisafinitelygeneratedAbeliangroup
withT(G)=狖e狚, thenG Z×Z× ×Z, afinitedirect
productofgroupZ.ItiseasytoseethatZ×Z× ×Zisa
commutative, cancellativeandtorsion-freemonoid, soisG.
LetRbeasemicommutativering.Then, bycorollary4, Ris
weakG-Armendariz.
　2) 1)Ifg∈ T(G)andg≠e, thenN=〈g〉 isacyclic
groupofthefiniteorder.IfaringR≠狖0狚isweakG-Arm-
endariz, then, bylemma1, RisweakN-Armendariz, contra-
dictinglemma2.Thus, everyringR≠狖0狚isnotweakG-
Armendariz.
　LetMbeamonoidandNbeanidealofM.Denotethe
ReescongruenceinducedbyNbyρ(N), whichisdefinedby
gρ(N)h g, h∈ Norg=h.IfRisweakM-Armendariz,
then, bylemma1, RisweakN-ArmendarizsinceR[N] isa
subringofR[M].ButRmaynotbeweakM/ρ(N)-Armen-
darizasshownbythefollowingexample.
　Example2[ 6] 　LetM=狖N∪狖0狚, +狚andN=狖2, 3,
 狚.ThenNisanidealofM andM/ρ(N)isafinite
monoid.Fromproposition6, itfollowsthatCisnotweak
M/ρ(N)-Armendariz, butitisweakM-Armendarizbecause
CisM-Armendariz.

2　MonoidRings

　Lemma3　LetRbeasemicommutativeringandM a
monoid.Ifa1 ,  , an∈ nil(R), thena1g1 + +angn∈
nil(R[M]).
　Proof　Theproofissimilartothatoflemma3.7 inRef.
[ 7] .
　ForamonoidM, wedenotethelargestsubgroupofMby
G(M).InRef.[ 7] , LiuandZhaoprovedthatifRissemi-
commutative, thenR[ x] isweakArmendariz.InRef.[ 6] ,
LiuprovedthatifM isacommutativeandcancellative

monoidwithG(M)=狖e狚, andRisArmendarizandM-Arm-
endariz, thenR[M] isArmendariz.Fortheabovemonoid
M, wedonotknowwhetherR[M] isweakArmendarizifR
isweakArmendarizandweakM-Armendariz.However, ifR
issemicommutative, wehavethefollowingproposition.
　Proposition7　LetMbeacommutativeandcancellative
monoidwithG(M)=狖e狚.IfRisasemicommutativeand
weakM-Armendarizring, thenR[M] isweakArmendariz.

　Proof　Supposethat ∑
m

i=0

αix
i ∑

n

j=0

βix
j =0 , where

αi = ∑aipgip, βj = ∑bjqhjq ∈ R[M] .Setg =

∏
i
∏
p
gip ∏

j
∏
q
gjq .Clearlyforanyr∈ Randh∈

M, (rh) (1g2 ) = (1g2 ) (rh). Thus from

∑
m

i=0

αix
i ∑

n

j=0

βix
j = 0 , it follows that

∑
m

i=0
αj(1g

2)i ∑
n

j=0
βj(1g

2)j .Thuswehave

∑
i
∑
p

biphipg
2i ∑

j
∑
q

bjqhjqg
2j =0

　Supposethatgi′p′g
2i′=gi″p″g

2i″forsomei′andi″.Ifi′=i″,
thengi′p′=gi′p″sinceMiscancellative, andsop′=p″.Thus
withoutlossofgenerality, wecanassumethati′>i″.Then
gi′p′g

2(i′-i″)=gi″p″sinceM iscancellative.Thusitiseasyto
seethatgipandhjqareinG(M)foralli, j, p, q.Hencegip=
hjq=ebyhypothesis, andthenwemayassumethatαi=aie
andβj=bjeforalli, j.Sowehave

∑
i

(aie)x
i ∑

j

(bje)x
j =0

fromwhichitfollowsthat ∑
i
aix

i ∑
j
bjx

j = 0.

Thus, aibj∈ nil(R)foralliandjsinceRisweakArmen-

dariz.Assumethat(aibj)
nij =0 forsomenij∈ N.Then

(αiβj)
nij =(aibj)

nije=0.Soαiβj∈ nil(R[ M]).Ifhj′q′g
2j′=

hj″q″g
2j″forsomej′andj″, thenbyanalogywiththeabove

proof, itfollowsthatαiβj=(aie)(bje)∈ nil(R[M])forall
i, j.Nowsupposethateachpairofgipg

2i′sisdistinctand
eachpairofhjqg

2j′sisdistinct.Thenaipbjq∈ nil(R)foralli,
j, p, qsinceR isweakM-Armendariz.Thus, αiβj =

∑
p
∑
q

(aipbjq)(giphjq)∈ nil(R[M])bylemma3.

　Wecaneasilyobtainthefollowingfact.
　Lemma4　LetMbeamonoid.IfRisasemicommuta-
tiveandM-Armendarizring, thenR[ M] issemicommuta-
tive.
　LetM=狖e狚andN=狖N∪狖0狚, +狚.LetRbeasemicom-
mutativering.ThenRisM-Armendariz.ButR[M] neednot
beN-Armendarizbyexample3.5 inRef.[ 1] .However, we
havethefollowingresult.
　Proposition8　LetMbeamonoidandNastrictlytotal-
lyorderedmonoid.IfRisasemicommutativeandM-Arm-
endarizring, thenR[M] isaweakN-Armendarizring.
　Proof　SinceRissemicommutativeandM-Armendariz,
bylemma4, R[M] issemicommutative.Theassertionholds
accordingtocorollary2.
　Corollary5　LetNbeastrictlytotallyorderedmonoid.
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IfRisasemicommutativeandArmendarizring, thenR[x]
isaweakN-Armendarizring.
　Proposition9　LetMbeamonoidandNastrictlytotal-
lyorderedmonoid.IfRisasemicommutativeandM-Arm-
endarizring, thenR[N] isaweakM-Armendarizring.
　Proof　Itiseasytoseethatthereexistsanisomorphism
ofringsR[ N] [ M] ※ R [ M] [ N] defined by

∑
p
∑
i
aipni mp ※∑

i
∑
p
aipnp ni.

　Now supposethatαi, βj ∈ R[ N] aresuchthat

∑
i

αimi ∑
j

βjm′j =0.Wewillshowthatαiβj∈

nil(R[N])foralli, j.Assumethatαi=∑
p
aipnpandβj =

∑
q

bjqn′q wherenp, n′q ∈ N forallpandq.Then

∑
i
∑
p

aipnp mi ∑
j
∑
q

bjqn′q m′j =0.Thus, in

R[M] [N] wehave ∑
p
∑
i
aipmi np ∑

q
∑
j
bjqm′j n′q

=0.Byproposition8, R[ M] isweakN-Armendariz,

∑
i

aipmi ∑
j

bjqm′j ∈ nil(R[M])forallp, q.SinceR

isM-Armendariz, aipbjq∈ nil(R)foralli, j, p, qaccording
toproposition1.6 inRef.[ 6] .Henceαiβj∈ nil(R[N])by
lemma3.ThismeansthatR[N] isweakM-Armendariz.
　Corollary6　LetMbeamonoidandRbeasemicom-
mutativering.IfRisM-Armendariz, thenR[x] andR[ x,
x-1 ] areweakM-Armendariz.
　Proof　NotethatR[x] R N∪狖0狚 andR[x, x-1 ]  
R[Z].
　InRef.[ 6] , LiushowedthatifRisreducedandM-Arm-
endariz, thenRisM×N-Armendariz, whereNisau.p.-
monoid.ForweakM-Armendarizrings, wehavethefollow-
ingresult.
　Theorem3　LetMbeamonoidandNbeastrictlytotal-
lyorderedmonoid.IfRisasemicommutativeandM-Arm-
endarizring, thenRisweakM×N-Armendariz.

　Proof　Supposethat∑
s

i=1

ai(mi, ni)isinR[M×N].For

any1≤p≤s, denoteAp=狖i 1≤i≤s, ni=np狚.Then

∑
t

p=1
∑
i∈ Ap

aimi np∈ R[M] [N] .Notethatmi≠mi′forany

i, i′∈ Apwithi≠i′.Nowitiseasytoseethatthereexists
anisomorphismofringsR[M×N]※R[M] [N] definedby

∑
s

i=1
ai(mi, ni) ※∑

t

p=1
∑
i∈ Ap
aimi np.

　Supposethat ∑
s

i=1

ai(mi, ni) ∑
s′

j=1

bj(m′j, n′j) =0 in

R[M×N].Thenfrom theaboveisomorphism, itfollows
that

∑
t

p=1
∑
i∈Ap

aimi np ∑
t′

q=1
∑
j∈Bq

bim′j n′q =0

　Byproposition8, R[M] isweakN-Armendariz, thuswe

have ∑
i∈Ap

aimi ∑
j∈Bq

bim′j ∈ nil(R[M])forallp, q.

SinceRisM-Armendariz, aibj∈ nil(R)foranyi∈ Apandj
∈ Bqbyproposition1.6 inRef.[ 6] .Hence, aibj∈ nil(R)
forall1≤i≤sand1≤j≤s′.Theproofiscompleted.
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弱 M-Armendariz环
张翠萍

1, 2　　陈建龙1

( 1东南大学数学系,南京 210096)

( 2西北师范大学数学系,兰州 730070)

摘要:对于幺半群 M, 引入了弱 M-Armendariz环的概念,此概念是 M-Armendariz环和弱 Armendariz环的共同推

广.研究了这类环的性质,并且证明了:R是弱 M-Armendariz环当且仅当对任意的 n, R的 n阶上三角矩阵环Tn(R)

是弱 M-Armendariz环;如果 I是环 R的半交换理想,使得 R/I是弱 M-Armendariz环,则 R是弱 M-Armendariz环,其

中 M是严格全序幺半群;如果 R是半交换的 M-Armendariz环,则 R是弱 M×N-Armendariz环,其中 N是严格全序

幺半群;有限生成 Abelian群 G是 torsion-free的当且仅当存在一个环 R,使得 R是弱 G-Armendariz环.

关键词:半交换环;M-Armendariz环;弱 Armendariz环;弱 M-Armendariz环
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